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Abstract. We compare the effects of local features (LF) and branch features (BF) of the
inflaton potential on the spectrum of primordial perturbations. We show that LF affect the
spectrum in a narrow range of scales while BF produce a step between large and small scales with
respect to the featureless spectrum. We comment on the possibility of distinguishing between
these two types of feature models from the analysis of the Cosmic Microwave Background (CMB)
radiation data.
We also show that there exists a quantitative similarity between the primordial spectra
predicted by two of the BF potentials considered. This could lead to a degeneracy of their
predicted CMB temperature spectra which could make difficult to discriminate between the
models from a CMB analysis. We comment on the possibility that the degeneracy can be broken
when higher order terms in the perturbations are considered. In this sense non-Gaussianity may
play an important role in discerning between different inflationary models which predict similar
spectra.
1. Introduction
There is a significant set of observational data from experiments like the Wilkinson Microwave
Anisotropy Probe (WMAP) [1–4], the Planck Satellite [5–9], the Sloan Digital Sky Survey
(SDSS) [10], and many other ground-based and sub-orbital experiments [11]. The surveys reveal
that the observable universe is homogeneous and isotropic at large scales.
The Cosmic Microwave Background (CMB) radiation is the relic radiation coming from the
last scattering surface emitted when the universe was only about 380, 000 years old [4–6, 8].
At this time, protons and electrons combined to form neutral light atoms (recombination) and
photons started to travel freely through space (decoupling). Although this radiation is extremely
isotropic, it is still possible to observe small fluctuations in the temperature map of the CMB
radiation, with ∆T/T ∼ 10−5 [4–6, 8]. Since at the recombination epoch the universe was very
young, a detailed measurement and subsequent study of this radiation can give us valuable
information about the physics of the early universe.
The extraordinary advances in observable cosmology in the last decades give us evidence that
the observed structures originated from seed fluctuations in the very early universe. Inflationary
cosmology is one of the simplest frameworks able to explain the origin of these primordial
fluctuations and to provide a good fit to the data [7, 9, 12–15]. It is currently one of the most
active research fields in describing the evolution of the very early universe. Cosmic inflation
corresponds to an epoch of accelerated expansion of the universe. In the simplest models,
inflation is driven by a single canonical scalar field, called the inflaton, and slowly rolling a
smooth potential [7,9]. During inflation the quantum fluctuations of the scalar field got stretched
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to cosmological scales which can later be seen as inhomogeneities and anisotropies in the Large
Scale Structures (LSS) and the CMB radiation [7, 9].
The latest observations have led us to the Standard Model of cosmology, the so called
ΛCDM model [4–9]. According to this model the universe is spatially flat, with nearly Gaussian
primordial perturbations with a spectrum usually taken to be a featureless (smooth) primordial
power spectrum (PPS), described by an almost scale-invariant power-law [4–6,8].
However, there exists several well-motivated theoretical inflationary models which predict
a non-standard PPS with features [16–23]. Indeed, we already have indications of primordial
features in all releases of WMAP [1–4,24] and Planck 2013 and 2015 temperature data [8,9,24],
and we have knowledge about the location and type of the features from reconstructions of the
PPS [25–28].
Nowadays, primordial features is one of the most exciting extensions of the ΛCDM
model [19–24, 26, 29–39]. They can provide a wealth of information about the primordial
universe, ranging from discrimination between inflationary models, distinguishing inflation from
alternative scenarios, and even to new particle detection [19–24, 26, 29–32, 35]. Moreover it has
been shown that features in the PPS can actually improve the fit to Planck CMB temperature
and polarization data [18,24,28,34,40–46]
In this paper we are interested in an important class of models that predict primordial scale-
dependent oscillatory features in the PPS. In particular, we study and compare the predictions
on the PPS of two different kind of features of the inflaton potential.
The paper is organized as follows. In Sec. 2 we introduce the models and describe their
different characteristics. In Sec. 3 we calculate numerically the PPS for these models and
discuss their different predictions. We conclude in Sec. 4.
2. The inflationary models
We consider inflationary models with a single scalar field, minimally coupled to gravity, and
standard kinetic term according to the action
S =
∫
d4x
√−g
[1
2M
2
PlR−
1
2g
µν∂µφ∂νφ− V (φ)
]
, (1)
where gµν is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in a flat universe,
MPl = (8piG)−1/2 the reduced Planck mass, R the Ricci scalar, and V is the potential energy of
the inflaton φ. The variation of the action with respect to the metric and the scalar field gives
the Friedmann equation and the inflaton equation of motion respectively
H2 ≡
(
a˙
a
)2
= 13M2Pl
(1
2 φ˙
2 + V (φ)
)
, (2)
φ¨+ 3Hφ˙+ ∂φV = 0, (3)
where H is the Hubble parameter, a the scale factor, and we denote the derivatives with respect
to time and scalar field with dots and ∂φ, respectively.
For the slow-roll parameters we use the following definitions
 ≡ − H˙
H2
, η ≡ ˙
H
. (4)
To study the effects of features on the spectrum of primordial perturbations we consider three
different inflationary models defined by the potentials [18,31,47,48]
V1(φ) = V0(φ) + VLF (φ) , (5)
V2(φ) = V0(φ) + VBF2(φ) , (6)
V3(φ) = V0(φ)VBF3(φ) , (7)
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Figure 1. The evolution of Vi/V0, (i = 1, 2, 3) as a function of the field is plotted for the
potentials in Eqs. (5-7). In all cases we use γ = 1.66 × 10−11, σ = 0.04, and we set the scale
of the feature at k0 = 1.5 × 10−3Mpc−1. For V1, V2, and V3 we use λ = −7 × 10−12 (blue),
λ = −5.25× 10−12 (red-dashed), and λ = −1.2× 10−3 (green-dotted), respectively. On the left
panel we can see that the potentials V2 and V3 are indeed different from each other for all values
of the field. On the right panel we plot a zoom of the evolution around the feature value φ0.
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Figure 2. The numerically computed inflaton evolution is plotted for the potentials in Eqs.
(5-7). In all cases we use γ = 1.66 × 10−11, σ = 0.04, and we set the scale of the feature at
k0 = 1.5 × 10−3Mpc−1. For V1, V2, and V3 we use λ = −7 × 10−12 (blue), λ = −5.25 × 10−12
(red-dashed), and λ = −1.2× 10−3 (green-dotted), respectively. The dashed-dotted black lines
correspond to the featureless case. On the right panel we plot a zoom of the evolution around
φ0.
where V0 is the chaotic inflaton [7,9] potential that we use as a toy model to show qualitatively
the general type of effects produced by the features
V0(φ) = γφ2 , (8)
and
VLF (φ) = λe−(
φ−φ0
σ
)2 , (9)
VBF2(φ) = λ
(
1 + tanh
(φ− φ0
σ
))
, (10)
VBF3(φ) = 1 + λ tanh
(φ− φ0
σ
)
. (11)
In general the parameters λ and σ are related to the amplitude and width of the feature
respectively [18, 29–31, 47, 48]. While the parameter φ0 ≡ φ(t0), where t0 is the feature
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Figure 3. The numerically computed slow-roll parameters are plotted for the potentials in Eqs.
(5-7). In all cases we use γ = 1.66 × 10−11, σ = 0.04, and we set the scale of the feature at
k0 = 1.5 × 10−3Mpc−1. For V1, V2, and V3 we use λ = −7 × 10−12 (blue), λ = −5.25 × 10−12
(red-dashed), and λ = −1.2× 10−3 (green-dotted), respectively. The dashed-dotted black lines
correspond to the featureless case.
time, is related to the scale of the feature k0 ≡ −1/τ0, where τ is the conformal time
dτ ≡ dt/a [18,29–31,47,48]. From now on we adopt a system of units in which c = h¯ = MPl = 1.
The modifications of the slow-roll potential V1 correspond to local features (LF), first studied
in Ref. [31], while the ones in V2 and V3 are called branch features (BF) [14,17,18,29–31,47–49].
The BF differ from the LF because their definitions involve step functions or their smoothed
versions, which divide the potential in separate branches [31]. For these models the potential
is not only modified around the feature φ0, but at any other field value after or before φ0 [31],
as shown in figure 1. There it can be seen that the LF potential deviates from the featureless
one only in a limited range of the field values around φ0 while the BF potentials differ from the
featureless case: before the feature for potential V2 and before and after the feature for V3. In
figure 2 we show the effects of the features on the inflaton evolution with respect to time. We
see again that the BF diverge notoriously from the featureless behavior while the deviation of
the LF is only around the feature time t0. In figure 3 we plot the effects of the features on the
slow-roll parameters with respect to time.
Another interesting characteristic of potentials V2 and V3 is that, with the parameters chosen,
they lead to a similar evolution of the inflaton and slow-roll parameters, as can be seen in figures
2 and 3. The importance of this behavior is that it could lead to a degeneracy of the primordial
or CMB spectra which would make harder to distinguish between these different models.
3. Primordial spectrum of curvature perturbations
The study of primordial scalar perturbations is attained by expanding perturbatively the action
with respect to the background FLRW solution [50]. In the comoving gauge, where the scalar
field fluctuations vanish, δφ = 0, the second order action for the scalar perturbations is [50]
S2 =
∫
dtd3x
[
a3R˙2c − a(∂Rc)2
]
, (12)
where Rc is the curvature perturbation on comoving slices. The Euler-Lagrange equations for
this action give
∂
∂t
(
a3
∂Rc
∂t
)
− aδij ∂
2Rc
∂xi∂xj
= 0. (13)
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Figure 4. The numerically computed power spectrum of primordial curvature perturbations
PRc is plotted for the potentials in Eqs. (5-7). In all cases we use γ = 1.66×10−11, σ = 0.04, and
we set the scale of the feature at k0 = 1.5×10−3Mpc−1. For V1, V2, and V3 we use λ = −7×10−12
(blue), λ = −5.25× 10−12 (red-dashed), and λ = −1.2× 10−3 (green-dotted), respectively. The
dashed-dotted black lines correspond to the featureless spectrum.
Then taking the Fourier transform we obtain the equation of motion for primordial curvature
perturbation modes
R′′c (k) + 2
z′
z
R′c(k) + k2Rc(k) = 0, (14)
where z ≡ a√2, k is the comoving wave number, and primes denote derivatives with respect to
conformal time.
The Gaussianity of temperature fluctuations in the CMB implies that the statistical properties
of the temperature field can be completely characterized by its two-point correlation function, i.e.
its temperature spectrum [7,9]. In the case of curvature perturbations its two-point correlation
function is given by [7, 9]
〈
Rˆc(~k1, t)Rˆc(~k2, t)
〉
≡ (2pi)3 2pi
2
k3
PRc(k)δ(3)(~k1 + ~k2) , (15)
where the power spectrum of primordial curvature perturbations is defined as
PRc(k) ≡
2k3
(2pi)2 |Rc(k)|
2. (16)
We solve Eq. (14) numerically to obtain the spectrum of primordial curvature perturbations
for the LF and BF. The different effects on the primordial spectrum are shown in figures 4 and
5. In figure 4 it can be seen that LF and BF produce similar oscillations of the spectrum around
k0 [14, 17, 18, 29–31, 47–49]. Nonetheless in figure 5 we can see that BF have steps at large
and small scales, i.e. differences between the feature and featureless spectra at large and small
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Figure 5. The numerically computed power spectrum of primordial curvature perturbations
PRc is plotted for the potentials in Eqs. (5-7). In all cases we use γ = 1.66 × 10−11, σ = 0.04,
and we set the scale of the feature at k0 = 1.5 × 10−3 Mpc−1. For V1, V2, and V3 we use
λ = −7 × 10−12 (blue), λ = −5.25 × 10−12 (red-dashed), and λ = −1.2 × 10−3 (green-dotted),
respectively. The dashed-dotted black lines correspond to the featureless spectrum. On the left
(right) panel we make a zoom of the spectrum for large (small) scales.
scales, which are absent for the LF [31]. This indicates that the BF effects on the primordial
perturbations are not only visible around the scale k0 leaving the horizon around the feature
time τ0, but for any other scale leaving the horizon when φ has a value within the feature
branch [14, 17, 18, 29–31, 47–49]. On the contrary LF only affect the perturbation modes which
leave the horizon around τ0, and consequently the spectrum does not show a step, but a local
dumped oscillation and then it approaches the featureless spectrum for sufficiently smaller and
larger scales [31]. This is crucial because it could allow to model local features of the temperature
spectrum without affecting other scales [32]. Moreover we could distinguish between LF and BF
by the predictions of their effects on the temperature spectrum at large and small scales, where
they are quantitatively different.
For the parameters λ, σ and k0 chosen, another important characteristic of the spectra
obtained from V2 and V3 is that their behavior is very similar. In fact, from figure 4 we can
see that the difference between the two spectra is quantitatively small. Only when we look at
higher or smaller scales we can see a difference between them. If this difference is too small both
primordial spectra could predict an indistinguishable CMB temperature spectrum which would
make almost impossible to distinguish between the two different models.
It is also possible that this degeneracy could be easily broken at higher order terms, for
instance by the three-point correlation function (or bispectrum) [51,52]. Implying the importance
of studying higher order correlation functions to gain more insight about the physics of the very
early universe.
4. Conclusions
Future CMB and LSS surveys will offer an impressive opportunity for the discovery of primordial
features over the next decades. They would give us profound insight into the physics of the
primordial universe such as probing the nature of inflationary models, distinguishing between
inflation and alternative scenarios, and even discovering new particles.
In this paper we have studied the effects of LF and BF of the inflaton potential on the
spectrum of primordial curvature perturbations.
We have seen that LF affect the spectrum in a narrow range of scales, as opposed to BF which
produce a step with respect to the featureless spectrum at large and small scales. It would be
interesting to study if the differences between the LF and BF spectra at large and small scales
can actually be quantified in a CMB spectrum analysis.
Another important result is the similarity between the primordial spectra predicted by the two
BF potentials considered. This could lead to a degeneracy of the CMB temperature spectrum
which could make even harder the discrimination between the models from a CMB analysis. It
is possible though that the degeneracy can be broken when higher order perturbation terms are
considered, such as the bispectrum. In this sense non-Gaussianity may play an important role
in discerning between different inflationary models which predict similar spectra. It is left for a
future work the study of such a degeneracy breaking for the models considered in this paper.
As a final remark, it would be interesting to study phenomenologically a singled potential
containing both LF and BF and study its predictions on the primordial and CMB spectra.
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